On scatteredly continuous maps between topological spaces  by Banakh, Taras & Bokalo, Bogdan
Topology and its Applications 157 (2010) 108–122Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
On scatteredly continuous maps between topological spaces
Taras Banakh a,b,∗, Bogdan Bokalo a
a Department of Mathematics, Ivan Franko National University of Lviv, Universytetska 1, Lviv, Ukraine
b Instytut Matematyki, Akademia S´wie¸tokrzyska, S´wie¸tokrzyska 15, Kielce, Poland
a r t i c l e i n f o a b s t r a c t
Article history:
Dedicated to Tsugunori Nogura on the
occasion of his 60th birthday
MSC:
54C08
03E35
Keywords:
Scatteredly continuous map
Weakly discontinuous map
Piecewise continuous map
Gδ-measurable map
Preiss–Simon space
A map f : X → Y between topological spaces is deﬁned to be scatteredly continuous if
for each subspace A ⊂ X the restriction f |A has a point of continuity. We show that
for a function f : X → Y from a perfectly paracompact hereditarily Baire Preiss–Simon
space X into a regular space Y the scattered continuity of f is equivalent to (i) the weak
discontinuity (for each subset A ⊂ X the set D( f |A) of discontinuity points of f |A is
nowhere dense in A), (ii) the piecewise continuity (X can be written as a countable union
of closed subsets on which f is continuous), (iii) the Gδ-measurability (the preimage of
each open set is of type Gδ). Also under Martin Axiom, we construct a Gδ-measurable map
f : X → Y between metrizable separable spaces, which is not piecewise continuous. This
answers an old question of V. Vinokurov.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we study scatteredly continuous maps of topological spaces and show that under some restrictions on the
domain and the range the scattered continuity is equivalent to many other function properties considered in the literature
(such as: piecewise continuity, Gδ-measurability, weak discontinuity, etc.).
By deﬁnition, a map f : X → Y between topological spaces is scatteredly continuous if for each non-empty subspace
A ⊂ X the restriction f |A has a point of continuity. Such maps were introduced in [2] and appear naturally in analysis, see
[4,9,18].
By its spirit the deﬁnition of a scatteredly continuous map resembles the classical deﬁnition of a pointwise discontinuous
map due to R. Baire [3]. We recall that a map f : X → Y is called pointwise discontinuous if for each non-empty closed
subspace A ⊂ X the restriction f |A has a continuity point. Pointwise discontinuous maps can be characterized in many
different ways. In particular, the following classical theorem of R. Baire is well known.
Theorem 1.1 (Baire). For a real-valued function f : X →R from a complete metric space X the following conditions are equivalent:
(1) f is pointwise discontinuous;
(2) f is Fσ -measurable (in the sense that for any open set U ⊂ Y the preimage f −1(U ) is of type Fσ in X );
(3) f is of the ﬁrst Baire class (i.e., f is a pointwise limit of a sequence of continuous functions).
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Theorem 1.2. For a real-valued function f : X →R from a complete metric space X the following conditions are equivalent:
(1) f is scatteredly continuous;
(2) f is weakly discontinuous (which means that for every non-empty set A ⊂ X the set D( f |A) of discontinuity points of
f |A is nowhere dense in A);
(3) f is piecewise continuous (which means that X has a countable closed cover C such that f |C is continuous for every
C ∈ C);
(4) f is Gδ-measurable (which means that for every open set U ⊂R the preimage f −1(U ) is of type Gδ in X );
(5) f is of the stable ﬁrst Baire class (which means that there is a sequence ( fn : X →R)n∈ω of continuous functions that
stably converges to f in the sense that for every x ∈ X there is n ∈ ω such that fm(x) = f (x) for all m n).
This characterization theorem is a combined result of investigations of many authors, in particular [7,9,12,18,19,25], and
holds in a bit more general setting. Unfortunately all known generalizations of Theorem 1.2 concern maps with metrizable
range or domain. In this paper we treat the general non-metrizable case. Our main result is Theorem 8.1 which uniﬁes the
results of Sections 4–7 and says that the conditions (1)–(4) of Theorem 1.2 are equivalent for any map f : X → Y from a
perfectly paracompact hereditarily Baire Preiss–Simon space X to a regular space Y . If, in addition, Y ∈ σAE(X), then all
the ﬁve conditions of Theorem 1.2 are equivalent. In Section 9 we present some examples showing the necessity of the
assumptions in Theorem 8.1. In particular, we answer an old question of V. Vinokurov [27] constructing a Gδ-measurable
map f : X → Y between separable metrizable spaces that fails to be piecewise continuous.
1.1. Terminology and notations
Our terminology and notation are standard and follow the monograph [14]. A “space” always means a “topological space”.
Maps between topological spaces can be discontinuous.
For a subset A of a topological space X by clX (A) or A we denote the closure of A in X while Int(A) stands for the
interior of A in X . For a function f : X → Y between topological spaces by C( f ) and D( f ) = X \ C( f ) we denote the sets
of continuity and discontinuity points of f , respectively.
By R and Q we denote the spaces of real and rational numbers, respectively; ω stands for the space of ﬁnite ordinals
(= non-negative integers) endowed with the discrete topology. We shall identify cardinals with the smallest ordinals of the
given size.
For a cardinal κ by κ<ω we denote the set of all ﬁnite sequences s = (α1, . . . ,αk) of elements of κ . For such a sequence
s = (α1, . . . ,αk) and an ordinal α ∈ κ by s ˆα = (α1, . . . ,αk,α) we denote the concatenation of s and α.
2. Some elementary properties of scatteredly continuous maps
We start recalling the deﬁnition of a scatteredly continuous map, the principal concept of this paper. Then we shall prove
some elementary properties of such maps and present some counterexamples.
Deﬁnition 2.1. A map f : X → Y between topological spaces is called scatteredly continuous if for any non-empty subspace
A ⊂ X the restriction f |A : A → Y has a point of continuity.
Scatteredly continuous maps can be considered as mapping counterparts of scattered topological spaces. Let us recall
that a topological space X is scattered if each non-empty subspace A of X has an isolated point. It is clear that a topological
space X is scattered if and only if any bijective map f : X → Y to a discrete space Y is scatteredly continuous. In fact, a bit
more general result is true.
Proposition 2.2. A space X is scattered if and only if any bijective map f : X → Y to a scattered space Y is scatteredly continuous.
Proof. The “if” part is trivial. To prove the “only if” part, assume that f : X → Y is a scatteredly continuous map to a
scattered space Y . We need to prove that each non-empty subspace A ⊂ X has an isolated point. Since f is scatteredly
continuous, the set C( f |A) of continuity points of the restriction f |A is dense in A. The image f (C( f |A)) ⊂ Y , being
scattered, contains an isolated point y0. By the continuity of f |C( f |A), the point x0 = ( f |A)−1(y0) is isolated in C( f |A)
and by the density of C( f |A) in A, x0 is isolated in A. 
The scattered continuity of maps f : X → Y deﬁned on spaces of countable tightness can be detected on countable
subspaces of X . We recall that a the tightness of a topological space X is the smallest inﬁnite cardinal κ such that for every
subset A ⊂ X and any point a ∈ A there is a subset B ⊂ A of size |B| κ with a ∈ B .
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cardinality |Q | t(X) the restriction f |Q has a continuity point.
Proof. The “only if” part of this proposition is trivial. To prove the “if” part, assume that f : X → Y is not scatteredly
continuous and let κ = t(X). Since f is not scatteredly continuous, there is a subset D ⊂ X such that f |D has no continuity
point.
By induction on the tree κ<ω we can construct an indexed family (xs)s∈κ<ω of points of D such that for every ﬁnite
sequence s ∈ κ<ω the following conditions hold
• xs is a cluster point of the set {xs ˆα: α ∈ κ};
• f (xs) is not a cluster point of { f (xs ˆα): α ∈ κ}.
We start the inductive construction taking any point x∅ ∈ D . Assuming that for some ﬁnite sequence s ∈ κ<ω the point
xs ∈ D has been chosen, use the discontinuity of f |D at xs to ﬁnd a neighborhood U of f (xs) such that xs is a cluster point
of D \ f −1(U ). Since X has tightness t(X) = κ there is an indexed set {xs ˆα: α ∈ κ} ⊂ D \ f −1(U ) whose closure contains
the point xs . This completes the inductive construction.
Then the set Q = {xs: s ∈ κ<ω} has cardinality |Q | |κ<ω| = κ and f |Q has no continuity point. 
We ﬁnish this section with an example of two scatteredly continuous maps whose composition is not scatteredly con-
tinuous.
Example 2.4. Let f : R → RQ be the identity map from the real line equipped with the standard topology τ to the real
line endowed with the topology generated by the subbase τ ∪ {Q}. Also let χQ : RQ → {0,1} be the characteristic function
of the set Q. It is easy to show that the maps f : R → RQ and χQ : RQ → {0,1} are scatteredly continuous while their
composition χQ ◦ f :R→ {0,1} is everywhere discontinuous (and hence fails to be scatteredly continuous).
3. The index of scattered continuity
The scattered continuity of a map f : X → Y can be measured by an ordinal index sc( f ) deﬁned as follows. Con-
sider the decreasing transﬁnite sequence (Dα( f ))α of subspaces of X deﬁned by recursion: D0( f ) = X and Dα( f ) =⋂
β<α D( f |Dβ( f )) for an ordinal α > 0. The transﬁnite sequence (Dα( f ))α will be called the discontinuity series of f .
The scattered continuity of f implies that Dα( f ) = ∅ for some ordinal α. The smallest ordinal α with Dα( f ) = ∅ is called
the index of scattered continuity of f and is denoted by sc( f ).
A decreasing transﬁnite sequence (Xα)α<β of subsets of a set X will be called a vanishing series if X0 = X , Xβ = ∅,
Xα+1 	= Xα for all α < β , and Xα =⋂γ<α Xγ for each limit ordinal α  β . A typical example of a vanishing series is the
discontinuity series (Dα( f ))αsc( f ) of a scatteredly continuous map f .
Proposition 3.1. A map f : X → Y is scatteredly continuous if and only if there is a vanishing series (Xα)αβ of subsets of X such that
Xα+1 ⊃ D( f |Xα) for every ordinal α < β . The smallest length β of such a series is equal to sc( f ), the index of scattered continuity
of f .
Proof. The “only if” part follows from the deﬁnition of the discontinuity series (Dα( f )) of f . To prove the “if” part, assume
that (Xα)αβ is a vanishing sequence of subsets of X such that Xα+1 ⊃ D( f |Xα) for every ordinal α < β . To show that
f is scatteredly continuous, take any non-empty subset A ⊂ X and ﬁnd the smallest ordinal α  β such that A 	⊂ Xα . We
claim that α is not a limit ordinal. Otherwise A 	⊂ Xα =⋂γ<α Xγ would imply that A 	⊂ Xγ for some γ < α, which would
contradict the deﬁnition of α.
So α = γ + 1 for some ordinal γ . Take any point a ∈ A \ Xγ+1. It follows from the deﬁnition of α that A ⊂ Xγ . Since
f |Xγ is continuous at each point of the set Xγ \ Xγ+1, the restriction f |A is continuous at a. This proves the scattered
continuity of f .
Next, we show that sc( f ) β . This will follow as soon as we prove that Dα( f ) ⊂ Xα for all ordinals α  β . This can be
done by induction. For α = 0 we get D0( f ) = X = X0.
Assume that for some ordinal α  β we have proved that Dγ ( f ) ⊂ Xγ for all γ < α. We should prove that Dα( f ) ⊂ Xα .
If α is a limit ordinal, then
Dα( f ) =
⋂
γ<α
D
(
f |Dγ ( f )
)= ⋂
γ<α
Dγ ( f ) ⊂
⋂
γ<α
Xγ = Xα
by the inductive hypothesis. If α = γ + 1 is a successor ordinal, then the inclusion Xγ+1 ⊃ D( f |Xγ ) implies that f |Xγ is
continuous at points of Xγ \ Xγ+1. By the inductive hypothesis, Dγ ( f ) ⊂ Xγ and hence f |Dγ ( f ) is continuous at points of
Dγ ( f ) \ Xγ+1. Consequently,
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(
f |Dγ ( f )
)⊂ Xγ+1 = Xα. 
The discontinuity series will help us to characterize scatteredly continuous maps via well-orders.
Proposition 3.2. A map f : X → Y between topological spaces is scatteredly continuous if and only if there exists a well-order ≺ on
the set X such that for any non-empty subset A ⊂ X the restriction f |A : A → Y is continuous at the point x = min(A,≺).
Proof. The “if” part is trivial. To prove the “only if” part, take any scatteredly continuous map f : X → Y and consider the
discontinuity series (Dα( f ))α<sc( f ) of f . On each set Dα( f ) \ Dα+1( f ) ﬁx a well-order ≺α . The well-orders ≺α , α < sc( f ),
compose a well-order ≺ on X deﬁned by x ≺ y if either x, y ∈ Dα( f ) \ Dα+1( f ) for some α and x ≺α y or else x ∈ Dα( f )
and y /∈ Dα( f ) for some α.
Given any non-empty subset A ⊂ X we should check that f |A is continuous at the point a = min(A,≺). Find an ordinal
α such that a ∈ Dα( f ) \ Dα+1( f ) and observe that A ⊂ Dα( f ). Since Dα+1( f ) = D( f |Dα( f )), a is a continuity point of
f |Dα( f ) and hence of f |A. 
4. Scatteredly continuous and weakly discontinuous maps
The pathology described in Example 2.4 cannot happen in the realm of regular spaces: in this section we shall show that
the composition of scatteredly continuous maps between regular spaces is scatteredly continuous. For this we ﬁrst consider
compositions of scatteredly continuous and weakly discontinuous maps.
Following [27], we deﬁne a map f : X → Y to be weakly discontinuous if for every subspace Z ⊂ X the set D( f |Z) is
nowhere dense in Z .1 It is clear that each weakly discontinuous function is scatteredly continuous.
Proposition 4.1. The composition of two weakly discontinuous maps is weakly discontinuous.
Proof. Let f : X → Y , g : Y → Z be two weakly discontinuous maps. To show that g ◦ f is weakly discontinuous, it suﬃces,
given a non-empty subspace A ⊂ X to ﬁnd a non-empty open subset U ⊂ A such that g ◦ f |U is continuous. The weak
discontinuity of f yields a non-empty open set V ⊂ A such that f |V is continuous. The weak discontinuity of g yields a
non-empty open subset W ⊂ f (V ) such that g|W is continuous. By the continuity of f |V , the preimage U = ( f |V )−1(W )
is open in V and hence in A. Finally, the continuity of the functions f |U and g| f (U ) imply the continuity of g ◦ f |U . 
Proposition 4.2. The composition g ◦ f : X → Z of a weakly discontinuous map f : X → Y and a scatteredly continuous map
g : Y → Z is scatteredly continuous.
Proof. Given a non-empty subspace A ⊂ X we should ﬁnd a continuity point of g ◦ f |A. The weak discontinuity of f implies
the existence of a non-empty open set V ⊂ A such that f |V is continuous. The scattered continuity of g implies that the
existence of a continuity point y0 ∈ f (V ) of the restriction g| f (V ). Then any point x0 ∈ ( f |V )−1(y0) is a continuity point
of g ◦ f |A. 
Remark 4.3. In light of Proposition 4.2 it is interesting to note that the composition g ◦ f : X → Z of a scatteredly continuous
map f : X → Y and a weakly discontinuous map g : Y → Z need not be scatteredly continuous. A suitable pair of maps f , g
is given in Example 2.4 (it is easy to check that the characteristic function χQ :RQ → {0,1} is weakly discontinuous).
In some other terms the following important result on interplay between scatteredly continuous and weakly discontinu-
ous maps was established in [2] and [7]. We present a proof here for convenience of the reader.
Theorem 4.4. A map f : X → Y from a topological space X into a (regular) topological space Y is scatteredly continuous if (and only
if ) f is weakly discontinuous.
Proof. The “if” part is trivial. To prove the “only if” part, assume that f : X → Y is a scatteredly continuous map into a
regular space Y . Since the scattered continuity is preserved by taking restrictions, it suﬃces to check that the set D( f ) of
discontinuity points of f is nowhere dense. This is equivalent to saying that the interior of the set C( f ) of continuity points
of f meets each non-empty open set U ⊂ X . Assuming the converse we would get U ⊂ D( f ). Fix a continuity point x0 ∈
D( f ) ∩ U of the restriction f |D( f ) ∩ U (it exists because of the scattered continuity of f ). Since x0 fails to be a continuity
point of f , there is a neighborhood O f (x0) ⊂ Y of the point f (x0) such that f (Ox0) 	⊂ O f (x0) for any neighborhood Ox0
of the point x0 in X . By the regularity of Y , ﬁnd a neighborhood O ∗ f (x0) of f (x0) such that O ∗ f (x0) ⊂ O f (x0). By the
1 Weakly discontinuous functions are referred to as Baire∗ 1 functions in [21] and Baire-one-star in [19].
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O ∗ f (x0). It follows from the choice of the neighborhoods O f (x0) and O ∗ f (x0) that f (Ox0) 	⊂ O ∗ f (x0) and hence there is
a point x1 ∈ Ox0 with f (x1) /∈ O ∗ f (x0). It follows from f (D( f ) ∩ Ox0) ⊂ O ∗ f (x0) that x1 ∈ C( f ). Consequently, there is a
neighborhood Ox1 ⊂ Ox0 such that f (Ox1) ⊂ Y \ O ∗ f (x0). Since D( f ) ⊃ U ⊃ Ox1, there is a point x2 ∈ D( f )∩ Ox1. For this
point we get f (x2) ⊂ f (Ox0 ∩ D( f )) ∩ f (Ox1) ⊂ O ∗ f (x0) ∩ (Y \ O ∗ f (x0)) = ∅, which is a contradiction. 
The following example shows that the regularity of Y is essential in the previous theorem.
Example 4.5. The identity map f : R → RQ from Example 2.4 shows that a scatteredly continuous map to a non-regular
space need not be weakly discontinuous.
Unifying Proposition 4.2 with Theorem 4.4 we get a promised
Proposition 4.6. If f : X → Y and g : Y → Z are scatteredly continuous maps and the space Y is regular, then the composition
g ◦ f : X → Z is scatteredly continuous.
Like the scattered continuity, the weak discontinuity also can be measured by an ordinal index. Namely, given a weakly
discontinuous map f : X → Y consider the decreasing transﬁnite sequence (D˜α( f ))α of closed subsets of X deﬁned recur-
sively: D˜0( f ) = X and D˜α( f ) =⋂β<α clX (D( f |D˜β( f ))). The transﬁnite series (D˜α( f ))α will be called the weak discontinuity
series of f . The weak discontinuity of f implies that D˜α( f ) = ∅ for some ordinal α. The smallest such an ordinal α is de-
noted by wd( f ) and is called the index of weak discontinuity2 of f . The following characterization of the weak discontinuity
can be proved by analogy with Proposition 3.1.
Proposition 4.7. A map f : X → Y is weakly discontinuous if and only if there is a vanishing series (Xα)αβ of closed subsets of
X such that Xα+1 ⊃ D( f |Xα) for every ordinal α < β . The smallest length β of such a series is equal to wd( f ), the index of weak
discontinuity of f .
The index of weak discontinuity is related to the index of scattered continuity sc( f ) and to the hereditary Lindelöf
number hl(X) of X as follows. We recall that hl(X) = sup{l(Y ): Y ⊂ X} where l(Y ), the Lindelöf number of a space Y , is the
smallest cardinal κ such that each open cover of Y has a subcover of size  κ .
Proposition 4.8. If f : X → Y is a weakly discontinuous map, then sc( f )  wd( f ) < hl(X)+ . In particular, the indices sc( f ) and
wd( f ) are countable if X is hereditarily Lindelöf.
Proof. The inequality wd( f ) < hl(X)+ follows from that fact that any strictly decreasing transﬁnite sequence of closed
subsets of a topological space X has length < hl(X)+ . The inequality sc( f )  wd( f ) follows from the inclusions Dα( f ) ⊂
D˜α( f ) that can be proved by induction on α. Alternatively it can be derived from Proposition 3.1. 
Problem 4.9. Is sc( f ) =wd( f ) for any scatteredly continuous map f : [0,1] →R?
Problem 4.10. Is sc( f ) < hl(X)+ for every scatteredly continuous map f : X → Y ?
Propositions 4.1 and 4.2 can be quantiﬁed with help of ordinal indices sc(·) and wd(·) as follows. First we need to recall
the deﬁnition of ordinal multiplication, which can be introduced by recursion: α · 0= 0 and α · (β + 1) = α · β + α.
Proposition 4.11. If f : X → Y is a weakly discontinuous map and g : Y → Z is a scatteredly continuous map, then sc(g ◦ f ) 
sc(g) ·wd( f ).
Proof. Observe that for every ordinal α < wd( f ) the function f is continuous at the set C˜α( f ) = D˜α( f ) \ D˜α+1( f ), which
is open and dense in D˜α( f ).
Given ordinals α <wd( f ) and β < sc(g) consider the sets
Dα,β = C˜α( f ) ∩ f −1
(
Dβ(g)
)
and
Cα,β = C˜α( f ) ∩ f −1
(
C
(
g|Dβ(g)
))= Dα,β \ Dα,β+1
and note that the restriction g ◦ f |Dα,β is continuous at each point of Cα,β .
2 In [18, 4.10] this index is denoted by I( f ).
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iff either α < α′ or α = α′ and β  β ′ . Endowed with this ordering the product wd( f ) × sc(g) is order isomorphic to the
ordinal product sc(g) ·wd( f ). It is clear that the successor of a pair (α,β) in (wd( f ) × sc(g),) is the pair (α,β + 1).
For ordinals α <wd( f ) and β < sc(g) let
X(α,β) =
⋃{
Cα′,β ′ : (α,β) (α′, β ′) ∈wd( f ) × sc(g)
}
.
Thus we obtain a vanishing series (X(α,β))(α,β) of subsets of X . Since the lexicographic ordering of wd( f )× sc(g) has order
type of the ordinal product sc(g) ·wd( f ), the inequality sc(g ◦ f ) sc(g) ·wd( f ) will follow from Proposition 3.1 as soon as
we prove that for each (α,β) ∈wd( f ) × sc(g) the restriction g ◦ f |X(α,β) is continuous at each point x of X(α,β) \ X(α,β+1) .
Since x ∈ X(α,β) \ X(α,β+1) = Cα,β ⊂ X \ D˜α+1( f ), the continuity of g ◦ f |X(α,β) at x will follow as soon as we prove the
continuity of g ◦ f restricted to the set Zα,β = X(α,β) \ D˜α+1( f ) at x. For this observe that Zα,β =⋃β ′β Cα,β ′ = C˜α( f ) ∩
f −1(Dβ(g)) and f (x) ∈ f (Cα,β) ⊂ C(g|Dβ(g)). Now the continuity of f on the set Zα,β and the inclusion f (Zα,β) ⊂ Dβ(g)
imply that g ◦ f |Zα,β is continuous as x. 
By analogy one can prove
Proposition 4.12. If f : X → Y and g : Y → Z are two weakly discontinuous maps then their composition g ◦ f is weakly discontin-
uous and wd(g ◦ f )wd(g) ·wd( f ).
Corollary 4.13. If f : X → Y is weakly discontinuous function and Z ⊂ X, then wd( f |Z)wd( f ).
Proposition 4.14. If f : X → Y is scatteredly continuous function and Z ⊂ X, then sc( f |Z) sc( f ).
5. Scatteredly continuous and piecewise continuous maps
In [27] V.A. Vinokurov proved that a map f : X → Y deﬁned on a (complete) metrizable space X is weakly discontinuous
(if and) only if f is piecewise continuous. We recall that a map f : X → Y between topological spaces is piecewise continuous
if X has a countable closed cover C such that for every C ∈ C the restriction f |C is continuous. In [4] the Vinokurov’s results
was generalized to maps deﬁned on perfectly paracompact (hereditarily Baire) spaces.
Theorem 5.1. A map f : X → Y from a perfectly paracompact (and hereditarily Baire) space X to a topological space Y is weakly
discontinuous (if and) only if f is piecewise continuous.
We recall that a topological space X is called
• hereditarily Baire if each closed subspace F ⊂ X is Baire (in the sense that the intersection of a sequence of open dense
subsets of F is dense in F );
• perfectly paracompact if X is paracompact and each closed subset of X is of type Gδ in X .
The class of perfectly paracompact spaces is quite large: besides metrizable spaces this class includes all hereditarily Lindelöf
spaces and all stratiﬁable spaces, see [8].
In this section we generalize Theorem 5.1 and prove its quantitative version.
First note that the piecewise continuity of a map f : X → Y can be expressed in terms of the closed decomposition number
decc( f ) equal to the smallest size |C| of a closed cover C of X such that f |C is continuous for each C ∈ C , see [25]. Note
that a map f is continuous iff decc( f ) = 1 and piecewise continuous iff decc( f ) ℵ0.
The following easy proposition (whose proof is left to the reader) shows that the continuity covering number behaves
nicely with respect to compositions.
Proposition 5.2. For any maps f : X → Y and g : Y → Z we get decc(g ◦ f )max{decc(g),decc( f )}.
It turns out that the closed decomposition number decc( f ) of a weakly discontinuous map f : X → Y can be estimated
from above by the index of weak discontinuity wd( f ) of f and the large pseudocharacter Ψ (X) of X . By deﬁnition, for a
topological T1-space X the large pseudocharacter Ψ (X) is equal to the smallest cardinal κ such that each closed subset F ⊂ X
can be written as the intersection
⋂U of a family U consisting  κ open subsets of X . It is easy to see that Ψ (X) hl(X)
for every regular space X .
Proposition 5.3. If f : X → Y is a weakly discontinuous map from a T1-space X, then decc( f )max{|wd( f )|,Ψ (X)}.
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κ = max{|wd( f )|,Ψ (X)}. It follows from Ψ (X)  κ that for every α < wd( f ) the set D˜α( f ) \ D˜α+1( f ) can be written as
the union
⋃Cα of a family of closed subsets of X with |Cα |  κ . The continuity of f on D˜α( f ) \ D˜α+1( f ) implies the
continuity of f on each set C ∈ Cα . Then C =⋃α<wd( f ) Cα is a closed cover of X such that |C | κ and for every C ∈ C the
restriction f |C is continuous. This proves the inequality decc( f ) κ = max{|wd( f )|,Ψ (X)}. 
In fact, the index of weak discontinuity of f in Proposition 5.3 can be replaced by the paracompactness number par(X)
of X .
We recall that a topological space X is paracompact if each open cover of X can be reﬁned to a locally ﬁnite open cover.
According to [14, 5.1.11], this is equivalent to saying that each open cover of X can be reﬁned to a locally ﬁnite closed cover.
In light of this characterization it is natural to introduce a cardinal invariant measuring the paracompactness degree of a
topological space X .
By the paracompactness number par(X) of a topological space X we understand the smallest cardinal κ such that each
open cover of X can be reﬁned by an closed cover F of X that can be written as the union F =⋃α<κ Fα of κ many
locally ﬁnite families Fα of closed subsets of X . Hence a topological space X is paracompact if and only if par(X) 1. It is
easy to see that par(X) l(X) for every regular space X .
Theorem 5.4. If f : X → Y is a weakly discontinuous map, then decc( f )max{par(X),Ψ (X)}.
Proof. Given a weakly discontinuous map f : X → Y , consider the weak discontinuity series (D˜α( f ))α<wd( f ) of f .
The proof of the inequality decc( f )max{par(X),Ψ (X)} will be done by induction on wd( f ). If wd( f ) 1, then f is
continuous and hence decc( f ) = 1max{par(X),Ψ (X)}. Assume that for some ordinal α our theorem is proved for weakly
discontinuous maps with index of weak discontinuity < α. Assume that f has wd( f ) = α and let λ = max{par(X),Ψ (X)}.
Consider the closed set C0 =⋂β<α D˜β( f ) =⋂β+1<α clX (D( f |D˜β( f ))) and note that C0 = D˜α( f ) if α is a limit ordinal
and C0 = D˜γ ( f ) if α = γ + 1 is a successor ordinal. In any case the restriction f |C0 is continuous.
Using the deﬁnition of the cardinal Ψ (X) λ, ﬁnd a family W = {Wk: k < λ} of open sets of X with C0 =⋂k<λ Wk .
Take any ordinal k < λ and observe that par(X \ Wk) par(X) λ. Then the open cover {X \ D˜β( f ): β < α} of X \ Wk
admits a closed reﬁnement Fk =⋃i<κ Fk,i , where each family Fk,i , i < λ, is locally ﬁnite in X \ Wk .
For every set F ∈ Fk,i ﬁnd an ordinal β < α with F ⊂ X \ D˜β( f ). By induction on γ it can be shown that D˜γ ( f |F ) ⊂
F ∩ D˜γ ( f ) for all ordinals γ . In particular, D˜β( f |F ) = ∅, which means that wd( f |F ) β < α. By the induction hypothesis,
decc( f |F )max{par(F ),Ψ (F )}max{par(X),Ψ (X)} = λ. So, we can ﬁnd a closed cover {C F , jk,i : j < λ} of F such that f |C F , jk,i
is continuous for all α < κ . It follows from the local ﬁnity of Fk,i that the family C jk,i = {C F , jk,i : F ∈ Fk,i} is locally ﬁnite in X
and hence the union C jk,i =
⋃C jk,i is a closed subset of X . Moreover, f |C jk,i is continuous. Then C = {C0} ∪⋃k,i, j<λ C jk,i is a
closed cover of X of size  λ witnessing that decc( f ) λ. 
Since max{par(X),Ψ (X)} hl(X) for every regular space X , Theorem 5.4 implies
Corollary 5.5. If f : X → Y is a weakly discontinuous map deﬁned on a regular space X, then decc( f ) hl(X).
6. Maps of stable ﬁrst Baire class
Let us say that a sequence of maps ( fn : X → Y )n∈ω stably converges to a map f : X → Y if for every x ∈ X there is n ∈ ω
such that fm(x) = f (x) for all m n.
A map f : X → Y between topological spaces is deﬁned to be of the stable ﬁrst Baire class if there is a sequence ( fn)n∈ω
of continuous functions from X to Y that stably converges to f .
Maps of the stable ﬁrst Baire class have been studied in [4,9,11,12,18].
Proposition 6.1. If Y is a Hausdorff space, then each map f : X → Y of the stable ﬁrst Baire class is piecewise continuous.
Proof. Choose a sequence ( fn : X → Y )n∈ω of continuous functions that stably converges to f . For every n ∈ ω consider the
closed subset
Xn =
{
x ∈ X: ∀m n fm(x) = fn(x)
}
and note that f |Xn ≡ fn|Xn is continuous. The stable convergence of ( fn) to f implies that X =⋃n∈ω Xn which means that
f is piecewise continuous. 
The converse statement to Proposition 6.1 is more subtle and holds under some assumptions on the spaces X and Y . For
example, according to [4] a piecewise continuous map f : X → Y is of the stable ﬁrst Baire class if X is normal and Y is
the real line. The main result of this section asserts that the same is true for any path-connected space Y ∈ σAE(X).
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extensor for a space X and denote this by Y ∈ AE(X) if each continuous map f : A → Y deﬁned on a closed subspace A ⊂ X
has a continuous extension f˜ : X → Y .
The classical Urysohn Lemma says that [0,1] ∈ AE(X) for every normal space X . The Dugundji’s Theorem [13] says that
each convex set Y in a locally convex space is an absolute extensor for any metrizable space X (more generally, for any
stratiﬁable space X , see [8]).
Generalizing the notion of an AE(X)-space to pairs (Y , B) of spaces B ⊂ Y we shall write (Y , B) ∈ AE(X) if each contin-
uous map f : A → B deﬁned on a closed subspace A ⊂ X has a continuous extension f˜ : X → Y . Hence Y ∈ AE(X) if and
only if (Y , Y ) ∈ AE(X).
We deﬁne a space Y to belong to the class σAE(X) if Y has a countable cover {Yn: n ∈ ω} by closed Gδ-sets such that
(Y , Yn) ∈ AE(X) for all n ∈ ω. In particular, a space Y is a σAE(X) if it admits a countable cover {Yn: n ∈ ω} by closed
Gδ-subspaces Yn ∈ AE(X).
Observe that the boundary Y = ∂ I2 of the square I2 = [0,1]2 is not an absolute extensor for X = I2. On the other hand,
for each proper subcontinuum B ⊂ ∂ I2 the pair (∂ I2, B) ∈ AE(I2). Since ∂ I2 can be covered by two proper subcontinua, we
get ∂ I2 ∈ σAE(I2).
Example 6.2. The Sierpin´ski carpet Y :
is an example of a Peano continuum that fails to be in σAE(I2). The reason is that for each countable closed cover C of Y
the Baire Theorem yields a set C ∈ C with non-empty interior in Y . Then C contains a loop that is not contractible in Y ,
which means that (Y ,C) /∈ AE(I2).
Theorem 6.3. Each piecewise continuous map f : X → Y from a normal space X to a path-connected space Y ∈ σAE(X) is of the
stable ﬁrst Baire class.
Proof. Find a countable cover {Yn: n ∈ ω} of Y by non-empty closed Gδ-subsets such that (Y , Yn) ∈ AE(X) for all n ∈ ω. In
every set Yn choose a point yn ∈ Yn . Since Y is path-connected, for every n ∈ ω there is a continuous map γn : [n,n+1] → Y
such that γ (n) = yn and γn(n + 1) = yn+1. The maps γn compose a single continuous map γ : [0,+∞) → Y such that
γ |[n,n + 1] = γn for all n ∈ ω. Let R+ = [0,+∞) and denote by Gr(γ ) = {(γ (t), t) ∈ Y × R+: t ∈ R+} the graph of γ in
Y ×R+ .
Finally consider the subspace Z = Y × ω ∪ Gr(γ ) of the product Y × R+ and let p : Z → Y be the restriction of the
projection Y ×R+ → Y . Deﬁne a map s : Y → Y ×ω ⊂ Z letting s(y) = (y,n) if y ∈ Yn \⋃i<n Yi . It is clear that p ◦ s is the
identity map of Y . Since each Yn is a closed Gδ-set in Y , the map s : Y → Z is piecewise continuous.
Now we are able to prove that each piecewise continuous map f : X → Y is of the stable ﬁrst Baire class. Observe that
the composition g = s ◦ f : X → Z is piecewise continuous, being the composition of two piecewise continuous maps. Hence
we can ﬁnd a countable closed cover C of X such that map g|C is continuous for all C ∈ C . Since g(X) ⊂ Y × ω, we may
additionally assume that for every C ∈ C there is a number k(C) ∈ ω such that g(C) ⊂ Y × {k(C)}.
Let C = {Cn: n ∈ ω} be an enumeration of C . For every n ∈ ω let Xn =⋃in Ci . It is clear that the restriction g|Xn : Xn →
Y ×ω is continuous. We claim that g|Xn has a continuous extension g˜n : X → Z .
Let K = {k(Ci): i  n} and for every k ∈ K let Fk = (g|Xn)−1(Y × {k}). Observe that g(Fk) ⊂ Yk × {k} because s(Y ) ∩ Y ×
{k} ⊂ Yk × {k}. It follows that the closed sets Fk , k ∈ K , are pairwise disjoint and Xn =⋃k∈K Fk . The normality of X allows
us to ﬁnd open neighborhoods Uk of the closed sets Fk , k ∈ K , that have pairwise disjoint closures in X .
Since X is normal, there is a continuous map h : X → [0,+∞) such that h(Uk) = {k} for all k ∈ K .
For every k ∈ K use the inclusions g(Fk) ⊂ Yk × {k} and (Y , Yk) ∈ AE(X) to ﬁnd a continuous map gk : X → Y × {k} such
that gk|Fk = g|Fk and gk(X \ Uk) = {(yk,k)}.
It is easy to see that the map g˜n : X → Z deﬁned by
g˜(x) =
{
gk(x) if x ∈ Uk for some k ∈ K ,
(γ (h(x)),h(x)) otherwise,
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X =⋃k∈ω Xk , the sequence ( f˜n)n∈ω stably converges to f witnessing that f is of the stable ﬁrst Baire class. 
The path-connectedness is essential in Theorem 6.3.
Example 6.4. Consider the characteristic map f : [0,1] → {0,1} of the half-interval [0, 12 ). It is piecewise continuous but is
not of the stable ﬁrst Baire class (because continuous maps from [0,1] to {0,1} all are constant). Yet, {0,1} ∈ σAE(X) for
any space X .
The condition Y ∈ σAE(X) also is essential in Theorem 6.3.
Example 6.5. Let Y be the Sierpin´ski carpet in the square X = I2, y0 ∈ Y be any point and f : X → Y be the piecewise
continuous function deﬁned by f (x) = x if x ∈ Y and f (x) = y0 if x /∈ Y . We claim that this function fails to be of the stable
ﬁrst Baire class. Assuming the converse, ﬁnd a sequence ( fn)n∈ω of continuous functions that stably converges to f . For
every n ∈ ω consider the closed set Fk = {x ∈ X: ∀m  n fm(x) = fn(x)} and note that ⋃k∈ω Fk = X . The Baire Theorem
implies that for some k ∈ ω the set Fk ∩ Y has non-empty interior in Y . Then there is a map g : ∂ I2 → Fk ∩ Y that cannot
be extended to a continuous map g¯ : I2 → Y . On the other hand, the map g has a continuous extension g˜ : I2 → X . Then
fn ◦ g˜ : I2 → Y is a continuous extension of g = f ◦ g = fn ◦ g˜|∂ I2 which contradicts the choice of the map g .
7. Scatteredly continuous and Gδ-measurable maps
In this section we reveal the relation of scatteredly continuous maps to Gδ-measurable maps.
We deﬁne a map f : X → Y to be Gδ-measurable if for every open set U ⊂ Y the preimage f −1(U ) is of type Gδ in X
(this is equivalent to saying that for every closed subset F ⊂ Y the preimage f −1(F ) is of type Fσ in X ).
The following proposition is immediate.
Proposition 7.1. A piecewise continuous map f : X → Y is Gδ-measurable.
According to [27] or [19], each Gδ-measurable map f : X → Y from a complete metric space X to a regular space Y is
weakly discontinuous. In Theorem 7.4 below we shall show that this is still true for maps from hereditarily Baire spaces X
with the Preiss–Simon property.
We deﬁne a topological space X to be Preiss–Simon at a point x ∈ X if for any subset A ⊂ X with x ∈ A there is a
sequence (Un)n∈ω of non-empty open subsets of A that converges to x in the sense that each neighborhood of x contains
all but ﬁnitely many sets Un . By PS(X) we denote the set of points x ∈ X at which X is Preiss–Simon. A topological space X
is called a Preiss–Simon space if PS(X) = X (that is X is Preiss–Simon at each point x ∈ X ).
It is clear that each ﬁrst countable space is Preiss–Simon and each Preiss–Simon space is Fréchet–Urysohn. A less trivial
fact due to D. Preiss and P. Simon [23] asserts that each Eberlein compact space is Preiss–Simon.
The proof of Theorem 7.4 is rather diﬃcult and requires some preliminary work.
A base B of the topology of a space X will be called regular if for each open set U ⊂ X and a point x ∈ U there are
two sets V ,W ∈ B with x ∈ V ⊂ X \ W ⊂ U . Such a regular base B will be called countably additive if the union ⋃C of any
countable subfamily C ⊂ B belongs to B.
Observe that a topological space X admits a regular base if and only if X is regular. Note also that the family of all
functionally open subsets of a Tychonov space X forms a regular countably additive base of the topology of X . We recall
that a subset U ⊂ X is called functionally open if U = f −1(V ) for some continuous map f : X → R and some open set
V ⊂R.
We deﬁne a map f : X → Y to be weakly Gδ-measurable if there is a regular countably additive base B of the topology
of Y such that for every U ∈ B the preimage f −1(U ) is of type Gδ in X .
Since the topology of each regular space forms a regular countably additive base, we conclude that each Gδ-measurable
map f : X → Y into a regular topological space Y is weakly Gδ-measurable.
Let us say that a map f : X → Y between topological spaces is almost continuous (quasi-continuous) at a point x ∈ X if
for any neighborhood O y ⊂ Y of the point y = f (x) the (interior of the) set f −1(O y) is dense in some neighborhood of the
point x in X . By AC( f ) (resp. Q C( f ) ) we shall denote the set of point of almost (resp. quasi-) continuity of f .
Lemma 7.2. Let f : X → Y be a weakly Gδ-measurable map from a Baire space X to a regular space Y . Then
(1) AC( f ) = Q C( f ).
(2) If D is dense in X and f |D has no continuity point, then D \ AC( f ) also is dense in X.
(3) For any countable dense set D ⊂ X there is a point y ∈ f (D) such that for every neighborhood O y of y the preimage f −1(O y)
has non-empty interior in X.
(4) The family {Int f −1(y): y ∈ Y } is disjoint.
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of type Gδ in X .
1. The inclusion Q C( f ) ⊂ AC( f ) is trivial. To prove that AC( f ) ⊂ Q C( f ), take any point x ∈ AC( f ). To show that
x ∈ Q C( f ), take any neighborhood O y ⊂ Y of the point y = f (x). We should check that the interior of f −1(O y) is dense in
some neighborhood of x. By the regularity of the base B, there are sets V y,W y ∈ B such that y ∈ V y ⊂ Y \W y ⊂ O y. Then
the preimages f −1(V y) and f −1(Wy) are of type Gδ and Fσ in X , respectively. Since x ∈ AC( f ), the closure of f −1(V y)
contains an open neighborhood Ox of x. We claim that the closure of the interior of f −1(O y) contains Ox. This will
follow as soon as, given a non-empty open subset U ⊂ Ox we ﬁnd a non-empty open subset U ′ ⊂ U ∩ f −1(O y). Observe
that the set U ∩ f −1(V y), being a dense Gδ-set in the Baire space U , is not meager in U . Consequently, the Fσ -subset
U ∩ f −1(W y) ⊃ Ox ∩ f −1(V y) is non-meager in U too. Now the Baire Theorem yields a non-empty open subset
U ′ ⊂ U ∩ f −1(W y) ⊂ U ∩ f −1(O y).
2. Assume that D ⊂ X is dense and f |D has no continuity point. Given a point x ∈ D , and a neighborhood Ox of x we
should ﬁnd a point x′ ∈ Ox ∩ D \ AC( f ). If x /∈ AC( f ), then we can take x′ = x. So we assume that x ∈ AC( f ) and hence
x ∈ Q C( f ) by the preceding item. Since x is a discontinuity point of f |D , there is a neighborhood O f (x) of f (x) such that
f (D ∩ Ux) 	⊂ O f (x) for every neighborhood Ux of x. Using the regularity of Y choose a neighborhood U f (x) ⊂ Y of f (x)
with U f (x) ⊂ O f (x) . Since x is a quasi-continuity point of f , the closure of the interior of the preimage f −1(U f (x)) contains
some neighborhood Wx of x. By the choice of O f (x) , we can ﬁnd a point x′ ∈ D ∩ Ox ∩ Wx with f (x′) /∈ O f (x) . Consider the
neighborhood O f (x′) = Y \ U f (x) of f (x′) and observe that Wx ∩ f −1(O f (x′)) is a nowhere dense subset of Ox (because it
misses the interior of f −1(U f (x)) which is dense in Wx). This witnesses that x′ /∈ AC( f ).
3. Given a countable dense subset D ⊂ X , we should ﬁnd a point y ∈ f (D) such that for every neighborhood O y the
preimage f −1(O y) has non-empty interior in X .
Assume conversely that each point y ∈ f (D) has a neighborhood O y such that the preimage f −1(O y) has empty interior
in X . Using the regularity of B, for every y ∈ f (D) ﬁnd two sets V y,W y ∈ B with y ∈ V y ⊂ Y \ W y ⊂ O y. It follows that
f −1(V y) is of type Gδ while f −1(Y \ W y) of type Fσ in X . Being an Fσ -set with empty interior in the Baire space X , the
set f −1(Y \ W y) is meager in X . Then the union
U =
⋃
y∈ f (D)
f −1(V y) ⊃ D
is a dense meager set in X too.
On the other hand, the set U is a Gδ-subset of X , being the preimage U = f −1(V ) of the subset V =⋃y∈ f (D) V y that
belongs to B because of the countable additivity of B. By the Baire Theorem, the dense Gδ-subset U of the Baire space X
cannot be meager, which is a contradiction.
4. Assuming that the family {Int f −1(y): y ∈ Y } is not disjoint, ﬁnd two distinct points y, z ∈ Y such that the intersection
W = Int f −1(y) ∩ Int f −1(z)
is not empty. Observe that the sets W ∩ f −1(y) and W ∩ f −1(z) both are dense in W .
By the Hausdorff property of Y the points y, z have disjoint open neighborhoods O y, Oz ∈ B. The choice of B guarantees
that the sets W ∩ f −1(O y) and W ∩ f −1(Oz) are dense disjoint Gδ-sets in the Baire space W , which is forbidden by the
Baire Theorem. 
Lemma 7.3. Let f : X → Y be a weakly Gδ-measurable map from a Baire space X to a regular space Y and D be a countable dense
subset of X such that f |D has no continuity point.
(1) For any ﬁnite subset F ⊂ Y there is a dense subset Q ⊂ D \ f −1(F ) in X such that f |Q has no continuity point.
(2) For any sequence (Un)∞n=1 of non-empty open subsets of X there are an inﬁnite subset I ⊂N and sequences (Vn)n∈I and (Wn)n∈I
of pairwise disjoint non-empty open sets in X and Y , respectively, such that Vn ⊂ Un ∩ f −1(Wn) for all n ∈ I .
(3) If D ⊂ PS(X), then there is a countable ﬁrst countable subspace Q ⊂ D having no isolated points and such that the restriction
f |Q is a bijective map whose image f (Q ) is a discrete subspace of Y .
Proof. Fix a regular countably additive base B of the topology of Y such that for every U ∈ B the preimage f −1(U ) is of
type Gδ in X .
1. Take any ﬁnite subset F = {y1, . . . , yn} in Y and for every i  n let Di = D ∩ f −1(yi) and Wi = IntDi .
First we show that the complement D \ f −1(F ) is dense in X . Assuming the converse, we can ﬁnd a non-empty open
set U ⊂ X such that U ∩ D ⊂ f −1(F ). We claim that U ∩ Wi ∩ W j 	= ∅ for some distinct numbers i, j  n. Assuming
conversely that the family {U ∩ Wi}ni=1 is disjoint, we would conclude that W1 ∩ U ∩ D ⊂ D1 and hence the restriction
f |D ∩ W1 ∩ U , being a constant map to y1, is continuous. But this contradicts the fact that f |D has no continuity point.
So, W0 = U ∩ Wi ∩ W j is not empty for some distinct i, j  n. Then Di ∩ W0 and D j ∩ W0 are disjoint dense subsets
in W0. Using the Hausdorff property of Y , take two disjoint neighborhoods O yi, O y j ∈ B. Then the dense disjoint sets
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the Baire Theorem. This completes the proof of the density of D \ f −1(F ).
It follows that the set
Q = (D \ f −1(F )) \
n⋃
i=1
Wi \ Wi
is dense in X . We claim that the restriction f |Q has no continuity point. Assume conversely that some point x0 ∈ Q
is a continuity point of the restriction f |Q . If x0 /∈ ⋃ni=1 Wi , then the discontinuity of the map f |D at x0 implies the
discontinuity of f |Q at x0. So, x0 ∈ Wi for some i  n. Let y0 = f (x0) and observe that y0 	= yi (because x0 /∈ f −1(F )).
By the Hausdorff property of Y the points y0 and yi have disjoint open neighborhoods O y0, O yi ∈ B. By the continuity
of f |Q at x0, there is an open neighborhood Ox0 ⊂ Wi of x0 such that f (Ox0 ∩ Q ) ⊂ O y0. It follows that the sets G0 =
Ox0 ∩ f −1(O y0) and Gi = Ox0 ∩ f −1(O yi) are of type Gδ in Ox0. The density of the set D \ f −1(F ) implies the density of
the set
G0 ⊃ Ox0 ∩ Q =
(
D \ f −1(F ))∩ Wi
in Ox0. On the other hand, the deﬁnition of the set Wi implies that the intersection f −1(yi)∩Wi is dense in Wi and hence
Gi ⊃ f −1(yi) ∩ Ox0
is dense in Ox0. Thus we have found two disjoint dense Gδ-sets in the Baire space Ox0 which is forbidden by the Baire
Theorem.
2. Let (Un)∞n=1 be a sequence of non-empty open subsets of X . Applying Lemma 7.2(3) to the map f |U1 and the dense
subset D ∩ U1, ﬁnd a point y0 ∈ f (D ∩ U1) such that for each neighborhood O y0 the preimage U1 ∩ f −1(O y0) has non-
empty interior. By induction, for every n ∈N we shall ﬁnd a point yn ∈ f (D) \ {yi: i < n} such that for every neighborhood
O yn the set Un ∩ f −1(O yn) has non-empty interior.
Assuming that for some n the points y0, . . . , yn−1 have being chosen, we shall ﬁnd a point yn . It follows that the
intersection D ∩ Un is a countable dense subset of Un such that f |D ∩ Un has no continuity point. Applying the preceding
item, we can ﬁnd a dense subset Q ⊂ D ∩ Un \ f −1({y0, . . . , yn−1}) in Un such that the restriction f |Q has no continuity
point. Applying Lemma 7.2(3) to the map f |Un and the dense subset Q , ﬁnd a point yn ∈ f (Q ) ⊂ f (D) \ {yi: i < n}
such that for each neighborhood O yn the preimage Un ∩ f −1(O yn) has non-empty interior. This completes the inductive
construction.
The space {yn: n ∈N}, being inﬁnite and regular, contains an inﬁnite discrete subspace {yn: n ∈ I}. By induction, we can
select pairwise disjoint open neighborhoods Wn ⊂ Y , n ∈ I , of the points yn . For every n ∈ I the set Un ∩ f −1(Wn) contains
a non-empty open set Vn by the choice of the point yn . Then the set I ⊂ N and sequences (Vn)n∈I , (Wn)n∈I satisfy our
requirements.
3. Assume that D ⊂ PS(X). Applying Lemma 7.2(2), we get that D \ AC( f ) is dense in X .
By induction on the tree ω<ω we shall construct sequences (xs)s∈ω<ω of points of the set D \ AC( f ), and sequences
(Vs)s∈ω<ω and (Us)s∈ω<ω , (Ws)s∈ω<ω of sets so that the following conditions hold for every ﬁnite number sequence s ∈ ω<ω:
(a) Vs is an open neighborhood of the point xs in X ;
(b) Ws ⊂ Us are open neighborhoods of f (xs) in Y ;
(c) f (Vs) ⊂ Us;
(d) Vs ˆn ⊂ Vs and Us ˆn ⊂ Us for all n ∈ ω;
(e) the sequence (Vs ˆn)n∈N converges to xs;
(f) Ws ∩ Us ˆn = ∅ = Us ˆn ∩ Us ˆm for all n 	=m in ω.
We start the induction letting V∅ = X , U∅ = Y and x∅ be any point of D \ AC( f ).
Assume that for a ﬁnite sequence s ∈ ω<ω the point xs ∈ D \ AC( f ) and open sets Vs ⊂ X and Us ⊂ Y with xs ∈ Vs and
f (Vs) ⊂ Us have been constructed. Since f |Vs fails to be almost continuous at xs , there is a neighborhood Ws ⊂ Us of f (xs)
such that the closure of the preimage f −1(Ws) is not a neighborhood of xs in X . This fact and the Preiss–Simon property
of X at xs allows us to construct a sequence (V ′k)k∈ω of open subsets of Vs \ clX ( f −1(Ws)) that converges to xs in the sense
that each neighborhood of x contains all but ﬁnitely many sets V ′k . Applying item 2 to the map f |Vs : Vs → Us , we can
ﬁnd an inﬁnite subset N ⊂ ω and a sequence (U ′k)k∈N of pairwise disjoint open sets of Us such that each set f −1(U ′k)∩ V ′k ,
k ∈ N , has non-empty interior in X . Let N = {kn: n ∈ ω} be the increasing enumeration of the set N .
For every n ∈ ω let Us ˆn = U ′kn \Ws , Vs ˆn be a non-empty open subset in f −1(Ukn )∩ V ′kn and xs ˆn ∈ Vs ˆn ∩ D \ AC( f ) be
any point (such a point exists because of the density of D \ AC( f ) in X ). One can check that the points xs ˆn , n ∈ ω and sets
Ws , Vs ˆn , Us ˆn , n ∈ ω satisfy the requirements of the inductive construction.
After completing the inductive construction, consider the set Q = {xs: s ∈ ω<ω} and note that it is ﬁrst countable and
has no isolated point, f |Q is bijective and f (Q ) is a discrete subspace of Y . 
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Theorem 7.4. Each weakly Gδ-measurable map f : X → Y from a hereditarily Baire Preiss–Simon space X to a regular space Y is
scatteredly continuous.
Proof. Fix a countably additive regular base B of the topology of Y such that f −1(U ) is of type Gδ in X for every U ∈ B.
Assuming that f is not scatteredly continuous we could ﬁnd a subspace D ⊂ X such that the restriction f |D has no
continuity point. Being Preiss–Simon, the space X has countable tightness. In this case we can additionally assume that the
set D is countable, see Proposition 2.3. Applying Lemma 7.3(3) to the restriction f |D of f onto the Baire space D , we can
ﬁnd a countable subset Q ⊂ D without isolated point such that f |Q is bijective and f (Q ) is a discrete subspace of Y . It
is clear that f |Q has no continuity point. Observe that Z = Q is a Baire space, being a closed subspace of the hereditarily
Baire space X . Let g = f |Z and observe that for every U ∈ B the preimage g−1(U ) is of type Gδ in Z .
Since the set g(Q ) = f (Q ) is countable and discrete, for every y ∈ g(Q ) we can select a neighborhood O y ∈ B so
small that the family {O y: y ∈ g(Q )} is disjoint. The countable additivity of the base B implies that ⋃y∈g(Q ) O y ∈ B
and hence the preimage G = g−1(⋃y∈g(Q ) O y) is a Baire space, being a dense Gδ-subset of the Baire space Z . Since G =⋃
y∈g(Q ) g−1(O y), the Baire Theorem guarantees that for some z ∈ g(Q ) the preimage g−1(Oz) is not meager in G . On the
other hand,
⋃
y∈g(Q )\{z} O y ∈ B and hence the complement G \ g−1(Oz) = g−1(
⋃
y∈g(Q )\{z} O y) is a Gδ-set in G . The set
g−1(Oz), being a non-meager Fσ -subset of the Baire space G , contains a non-empty open subset W of G . For this set we
get
g(W ∩ Q ) ⊂ O z ∩ g(Q ) = {z},
which means that g|Q is continuous at points of W ∩ Q . But this contradicts the fact that g|Q ≡ f |Q has no continuity
point. 
8. Characterizing the scattered continuity
Unifying Theorems 4.4, 5.1, 6.3, 7.4 and Propositions 6.1, 7.1, we obtain the following characterization of scatteredly
continuous maps:
Theorem 8.1. For a map f : X → Y from a perfectly paracompact hereditarily Baire space X to a regular space Y the following
conditions are equivalent:
(1) f is scatteredly continuous;
(2) f is weakly discontinuous;
(3) f is piecewise continuous.
If X is a Preiss–Simon space, then (1)–(3) are equivalent to
(4) f is Gδ-measurable;
(5) f is weakly Gδ-measurable.
If Y is path-connected and belongs to σAE(X), then (1)–(3) are equivalent to
(7) f is of stable ﬁrst Baire class.
Theorem 8.1 has an interesting corollary describing the interplay between Fσ - and Gδ-measurable maps. First observe
that, for a space Y whose each open subset is of type Fσ , each Gδ-measurable map f : X → Y is Fσ -measurable. The same
effect can be achieved imposing some restrictions on the domain X of f .
Corollary 8.2. Each (weakly) Gδ-measurable map f : X → Y from a perfectly paracompact hereditarily Baire Preiss–Simon space X
to a regular space Y is Fσ -measurable.
Problem 8.3. Let f : X → Y be a Gδ-measurable function from a perfectly paracompact hereditarily Baire space X to a
regular space Y . Is f Fσ -measurable?
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a topological space X to a regular space Y . Some of those implications (noted by simple arrows) hold under the additional
assumptions indicated at the arrow.
It was proved in [17] that a map f : X → Y deﬁned on a Hausdorff locally connected Fréchet–Urysohn space X into a
Hausdorff space Y is continuous if and only if f maps compact subsets onto compact subsets and connected subsets onto
connected subsets, see also [20,26,1] and [16] for further generalizations. Those results characterize the continuity in terms
of the preservation by images of certain topological properties of subsets (namely the compactness and connectedness). The
following problem was suggested by the referee.
Problem 8.4. Can the scattered continuity be characterized in terms of preservation by images of suitable properties of
subsets?
9. Some examples
The requirement that X is hereditarily Baire is necessary in Theorem 8.1.
Proposition 9.1. A perfectly paracompact space X is hereditarily Baire if (and only if ) each (bijective) piecewise continuous map
f : X → Y into a regular space is scatteredly continuous.
Proof. The “only if” part follows from Theorem 5.1. To prove the “if” part, assume that the space X is not hereditarily Baire
and hence X contains a closed subspace F ⊂ X of the ﬁrst Baire category in itself. Write F =⋃n∈ω Fn as the union of an
increasing sequence (Fn)n∈ω of closed nowhere dense subsets of F with F0 = ∅. Let Y be the topological sum of the family
F = {X \ F , Fn+1 \ Fn: n ∈ ω} and f : X → Y be the identity map. The perfect paracompactness of X yields that each subset
A ∈ F is of type Fσ in X , which implies that f is piecewise continuous. On the other hand, the restriction f |F has no
continuity point, which means that f fails to be scatteredly continuous. 
The above proposition shows that the equivalences (1) ⇔ (2) ⇔ (3) of Theorem 8.1 do not hold without the assumption
that X is hereditarily Baire. On the other hand, the equivalence (3) ⇔ (4) does not require that assumption and hold, for
example, for any map f : X → Y from an absolute F -Souslin space X to a metrizable space Y , see [15].
Now we see that a Gδ-measurable function f : X → Y between metrizable spaces is piecewise continuous provided X
is either hereditarily Baire (by Theorem 7.4) or absolute F -Souslin (by [15]). In this situation it is natural to ask if any
Gδ-measurable function f : X → Y between metrizable spaces is piecewise continuous, see V. Vinokurov [27]. Below we
give two (consistent) counterexamples to this question.
The ﬁrst one uses Q -spaces. Those are topological spaces X such that each subset A ⊂ X is of type Fσ in X . The Martin
Axiom implies that each second countable space X of cardinality |X | < c is a Q -space, see [22, 4.2]. On the other hand, in
some models of ZFC, each second countable Q -space is at most countable, see [22, 4.3].
Example 9.2. If X is an uncountable second countable Q -space, then any bijective map f : X → D to a discrete space D is
Gδ-measurable but not piecewise continuous. Moreover, dec( f ) = |X |.
Here for a function f : X → Y by dec( f ) we denote the smallest cardinality |C| of a cover C of X such that f |C is
continuous for every C ∈ C , see [25]. It is clear that dec( f ) decc( f ). The latter inequality can be strict: for the characteristic
function χQ :R→ {0,1} of rationals we get dec( f ) = ℵ0 while decc( f ) = d, see [25].
A typical example of an Fσ -measurable function with dec( f ) > ℵ0 is the Pawlikowski function P : (ω+1)ω → ωω , which
is the countable power of the bijection ω+ 1 → ω sending every n ∈ ω to n+ 1 and ω to 0, see [10,24,25]. Here the ordinal
ω + 1 = ω ∪ {ω}, endowed with the order topology, is homeomorphic to a convergent sequence.
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question has second countable range. It relies on the notion of a Lusin space.
Given a cardinal κ we deﬁne a topological space X to be κ-Lusin if each nowhere dense subset A of X has size |A| < κ .
Uncountable ℵ1-Lusin spaces are referred to as Lusin spaces, see [22, §2]. We shall be interested in b-Lusin spaces, where b
is the smallest cardinality |A| of a subset A ⊂Nω that does not lie in a σ -compact subset of Nω , see [6, §2].
Example 9.3. Let P : (ω + 1)ω → ωω be the Pawlikowski function. For every b-Lusin subset L ⊂ ωω of size |L| b and its
preimage X = P−1(L) the function f = P |X : X → ωω is Gδ-measurable but has dec( f ) = |L| b.
Proof. The Gδ-measurability of f = P |X will follow as soon as we check that for every closed subset F ⊂ ωω the set
f −1(F ) = P−1(F ) ∩ X is of type Fσ in X . First we consider the case of a nowhere dense F . In this case |F ∩ L| < b and
hence the set A = f −1(F ) = P−1(F ) ∩ X has size |A| = |L ∩ F | < b. The space P−1(F ), being a Borel subset of (ω + 1)ω
is analytic and thus is the image of ωω under a suitable continuous map g : ωω → P−1(F ). Find a subset A′ ⊂ ωω of size
|A′| = |A| with g(A′) = A. The deﬁnition of the cardinal b implies the existence of a σ -compact subset K ⊂ ωω with K ⊃ A′ .
Then g(K ) is a σ -compact subset of P−1(F ) containing the set A. Consequently, A = P−1(F ) ∩ X = g(K ) ∩ X is of type Fσ
in X .
If F is an arbitrary closed subset of ωω , then take the interior U of F in ωω and observe that P−1(U ) is of type Fσ in
(ω + 1)ω by the Fσ -measurability of P . Then f −1(U ) = P−1(U ) ∩ X is of type Fσ in X . Since F \ U is closed and nowhere
dense in ωω , the preimage f −1(F \ U ) is of type Fσ in X too. Combining these two facts, we conclude that the preimage
f −1(F ) = f −1(U ) ∪ f −1(F \ U ) is of type Fσ in X , witnessing that f : X → ωω is Gδ-measurable.
Next, we check that dec( f ) |L|. Let C be a cover of X such that |C| = dec( f ) and f |C is continuous for every C ∈ C .
Using the deﬁnition of the Pawlikowski function, it is easy to check that the image f (C) of each C ∈ C is nowhere dense in
ωω and hence | f (C) ∩ L| < b. It follows from |L| b and the regularity of the cardinal b [6, 2.4] that |C| |L|. 
In light of Example 9.3 it is important to have some conditions guaranteeing the existence of b-Lusin sets of cardinality
 b. Such conditions can be written in terms of the following three cardinal characteristics of the σ -ideal M of meager
subsets of the Baire space ωω:
add(M) =min
{
|A|: A ⊂ M,
⋃
A /∈ M
}
,
cov(M) =min
{
|A|: A ⊂ M,
⋃
A = ωω
}
,
cof(M) =min{|A|: A ⊂ M ∀M ∈ M ∃A ∈ A with M ⊂ A}.
The following proposition is a modiﬁcation of Corollary 8.2.5 and Lemma 8.2.4 from [5].
Proposition 9.4.
(1) If add(M) = cof(M), then there is a b-Lusin subset L ⊂ ωω of size |L| = b;
(2) If there is a b-Lusin subset L ⊂ ωω of size |L| b, then cov(M) b.
Proof. 1. The Cichon´ diagram [6, §5] guarantees add(M)  b  cof(M). Consequently, the equality add(M) = cof(M)
implies add(M) = b = cof(M). Let {Mα}α<b ⊂ M be a coﬁnal family of meager subsets of ωω . By the transﬁnite induction,
for every α < b choose a point xα /∈⋃βα Mβ in ωω . Such a choice is always possible, since the latter union is meager (by
add(M) = b). The set L = {xα: α < b} is the required b-Lusin subset of ωω with |L| = b.
2. Now assume that L ⊂ ωω is a b-Lusin subset with |L| b. Fix a cover C ⊂ M of ωω of size |C | = cov(M). It follows
that |L ∩ C | < b for all C ∈ C . Now the regularity of the cardinal b [6, 2.4] implies that cov(M) = |C| b. 
By [6, 7.4], the Martin Axiom implies add(M) = cof(M) = c. On the other hand, the strict inequality cov(M) < b holds
is the Laver’s model of ZFC, see [6, 11.7]. In this model no b-Lusin subset L ⊂ ωω with |L|  b exists. This shows that
Example 9.3 has consistent nature.
Problem 9.5. Is it consistent with ZFC that each Gδ-measurable function f : X →R deﬁned on a subset X ⊂R has dec( f )
ℵ0? decc( f ) ℵ0?
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